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Abstract 

Diaconescu, Moore and Witten have shown that the topological part of the M-theory par- 
tition function is an invariant of an Eg gauge bundle over the 11-dimensional bulk. This 
presents a puzzle as an lid gauge theory cannot exhibit linearly realized supersymmetry. 
One possible resolution is that the gauge theory is nonsupersymmetric and flows to 11-d 
supergravity only in the infrared, with supersymmetry arising as a low energy accidental de- 
generacy. Although no such gauge theory has been constructed, any such construction must 
satisfy a number of constraints in order to correctly reproduce the the known 10- dimensional 
physics on each boundary component. We analyse these constraints and in particular use 
them to attempt an approximate construction of the lid gravitino as a condensate of the 
gauge theory fields. 
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1 The Motivation 



Six years ago Horava and Witten demonstrated pQ that when M-theory is compactified on 
a manifold with boundary, the anomalies caused by chiral gauginos and gravitinos on each 
boundary component precisely cancel the anomalies that flow in from bulk. This cancellation 
occurs only if each boundary component supports precisely 248 10-dimensional vectormul- 
tiplets, all transforming in the adjoint representation of E 8 . Furthermore as explained in 
Refs. j2 E], the topological contribution to the M-theory partition function is in fact an 
invariant of the Dirac operator of a mysterious 11 -dimensional E 8 gauge theory 

While the nature of this gauge theory is entirely unknown, the delicate anomaly-cancellation 
of Hofava and Witten as well as the 10-dimensional N — 1 supersymmetry on every bound- 
ary component place strong constraints on its construction. We feel that the analysis of 
these constraints is a necessary first step in an attempt to understand the gauge theory. 

In this paper we will propose the simplest possible particle content of such a proposal 
and then apply the above constraints. In particular we will combine a constraint on the four- 
form, lOd SUSY covariance and lid Lorentz covariance to construct the supergravity fields 
from the gauge fields. We will then try to understand how this construction can be consistent 
with lid supersymmetry. Such proposals have been considered previously in Refs. |U |H1 Ej • 
An apparently unrelated proposal which sacrifices the compactness of the E 8 but preserves 
supersymmetry has appeared in Refs. jHl E]. While preserving the supersymmetry is an 
extraordinary advantage, it is not known whether the noncompactness of this Eg would then 
lead to a noncompact gauge group for the heterotic string. While providing a fascinating 
alternative to the class of gauge theories considered in this note, further speculation along 
these lines will be deferred to a sequel. 

For simplicity we will often restrict our attention to the case of flat, topologically trivial 
11-dimensional space, although we generalize our results to curved space in Subsec. 13.31 We 
will also systematically neglect higher order Fermi field contributions. 

It was shown in Ref. JU] that E 8 gauge invariance combined with local supersymmetry 
invariance requires the relation 



between the lid 4-form field strength G 4 and the 10D N = 1 vectormultiplet's fieldstrength 
F on every 10-dimensional boundary component. Following |3] we consider an E 8 gauge 
bundle such that Eq. (jl.lj) holds everywhere in the 11-dimensional bulk. The fact that such 
a bundle exists is a consequence of M-theory's shifted flux quantization condition [2j. The 
uniqueness of this bundle results from the uniquely simple low dimensional topology of the 
E 8 group manifold. 
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In addition to the above 248 gauge bosons, we consider 248 adjoint Majorana fermions 
also propagating in the lid bullu • Using Eq. (|1.1|) we can construct the lid SUGRA 4- 
form Ga from the vectors. Ten dimensional N — 1 SUSY covariance allows us to find the 
analogous construction of a chiral half of the 11-dimensional gxavitinU up to a mysterious 
problem related to the fact that we do not understand the role of the graviton in this story. 
Eleven-dimensional Lorentz invariance allows us to construct the other half. Thus far, each 
gauge theory configuration is identified with a single SUGRA configuration, meaning that 
the construction cannot be covariant under 1 Id SUSY as the gauge fields are not part of any 
representation of lid SUSY. 

To remedy this we identify each gauge field configuration with not only the single SUGRA 
configuration given earlier, but with all of the SUGRA configurations which are related to 
that configuration by an lid SUSY transformation. Thus SUGRA field configurations re- 
lated by SUSY transformations will be identified with the same gauge field configuration 
and thus the same physical state. It is a critical check of the consistency of this construc- 
tion that physically equivalent configurations on the gauge theory side are also equivalent 
on the SUGRA side, and in fact E 8 gauge transformations are realized as abelian gauge 
transformations of the M-theory 3-form. 

In Sec. 12] we review the standard arguments for an Eg gauge theory in the bulk. In 
Sec. El we present our construction for the bulk gravitino in terms of gauge theory fields and 
show that this construction is consistent with 10 and 11-dimensional supersymmetries. We 
conclude with some remarks on SUSY breaking, the graviton and also a relation to other 
Eg's in the final section. 

2 Eg Gauge Theory 
2.1 Why an E 8 Bundle? 

The low energy effective description of M-theory is 11-dimensional supergravity [TT]. The 
fields of this theory live in a single supermultiplet which contains the graviton, the gravitino 
ip and a three-form C3 whose exterior derivative (times 6) is the four-form fieldstrength Ga. 
If the dynamics of M-theory are to be formulated in terms of an Eg gauge theory, it would 
be useful to have explicit relations between the fields of the lid supermultiplet and the fields 
of the gauge theory: the 1-form connection A with fieldstrength F and an adjoint Majorana 
"gaugino" \- 

1 And for now we also include an lid graviton, although it is possible that the graviton field is in fact a 
composite of the other gauge theory fields. 

independent of conjectures about mysterious bulk gauge theories, we expect this relation of the gravitino 
to the gauge theory fields to hold on the boundary. 
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The conjectured relations arise from the synthesis of several observations. First, in Ref. pQ 
it is shown that gauge and gravitational anomaly cancellation on any 10- dimensional bound- 
ary of M-theory enforces the relation (jl.lj) on the boundary, where R is the curvature two- 
form (of the tangent bundle). In Ref. Witten used locality to argue that such relations, 
at the level of cohomology, can be extended to the bulk, although it does not follow from 
this argument that there is an E 8 gauge fieldstrength in the bulk. 

One reasorJl that one may believe that there is in fact an E 8 gauge fieldstrength in the 
bulk is as follows. The low energy effective action for M-theory on the 11-fold Y 11 contains 
the topological terms 



where I 8 is a quartic in the curvature tensor. Using a result from Ref. JU] this can be related 
[2] to a sum of indices of an E% gauge theory on an auxilliary 12-dimensional manifolcQ. 

In Ref. jHj a theorem of Atiyah, Patodi and Singer [12] was used to explicitly evaluate the 
contribution of this topological term and the Pfaffian determinant of the Rarita-Schwinger 
operator to the phase of the path integral measure: 



Here rj is the //-invariant of the corresponding operator (the E 8 gauge theory Dirac operator 
and then the Rarita-Schwinger operator) while h is its number of zeromodes. Thus a part 
of the path integral measure of 11-dimensional supergravity can be reexpressed in terms of 
a mysterious bulk E 8 gauge theory. Furthermore it was shown that the partition function 
consists of a sum over E s gauge field configurations. 

The fact that one factor in the M-theory partition function is the index of fermions 
charged under an E 8 gauge symmetry does not prove that there actually are fermions charged 
under an E 8 , but the goal of the present paper is to understand how the existence of such 
fermions, and such a gauge symmetry, could be consistent with what we know of SUSY in 
11 dimensions. 

If there is such an E 8 gauge symmetry in the 11-dimensional bulk, a natural guess for 
its relation to the four- form fieldstrength is simply Eq. (jl.lj) . The rest of this paper will be 
an investigation of the consequences of this guess. The corresponding relation between the 
gravitino and gauginos will appear in Sec. H3 

3 Another very different reason has appeared in |7j. 

4 More precisely, the ambiguity in / is the integral of its exterior derivative over a closed 12-manifold. 
This integral may be nonvanishing because C3 is not necessarily globally defined. The path integral measure 
is well defined if this integral, added to a contribution from the square root of the determinant of the Rarita- 
Schwinger operator, is an integer. It was shown in Ref. that the integral is in fact a sum of indices from 
an E s gauge theory and so is guaranteed to be an integer. 




(2.1) 



$ = PfiDnsyf 1 = \Pf(D RS )\exp(^((h E8 + VEs ) + -^(h RS + Vrs )). (2.2) 
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2.2 Eg Bundles and Solitons 

If there is such a gauge theoretic description of low energy M-theory, it must be shown that 
Eg gauge theory correctly reproduces the M-theory soliton spectrum j^]. To compute the 
gauge theory's soliton spectrum we will need to review the topology of the group manifold 
Eg. 

The low dimensional topology of Eg is in one way the simplest among nonabelian Lie 
groups. Eg has only one nontrivial homotopy group of dimension less than 15, which is 
ns(Es) = Z. This means that on a manifold of dimension less than 16, Eg bundles are 
topologically characterized by a single characteristic class, the first Pontrjagin class 

Tr(F A F) . . 

n = (2.3) 

The only restriction on this class is that its integral over any 4-cycle be an even integer. All 
other semisimple Lie groups have additional nontrivial low dimensional homotopy groups and 
therefore their principal bundles cannot be completely characterized by a single characteristic 
class. 

This agrees beautifully with what we know of M-theory, which at low energies is also 
described by a 4-form. In fact substituting ()2.3|) into (jl.lj) we learn that the 4-form flux of 
M-theory is a combination of this characteristic class and the first Pontrjagin class of the 
tangent bundle 

G, = njEs) Pi(TM) 

2vr 2 4 1 ' ' 

Notice that the shifted flux quantization condition 2\ of G4 is automatic in this construction. 
The first term on the right hand side is an integral cohomology class, while the second may 
be an integral cohomology class or may be hafO of an integral cohomology class. Therefore 
the failure of the left hand side to be integral is precisely equal to the failure of the second 
term on the right hand side, that is, the mod 2 part of pi(TM)/2. 

As a result of the fact that an Eg bundle is described by a single closed form, an Eg 
bundle on a manifold of of dimension less than 16 has only one kind of topological defect, 
the M5-bran^| This is the codimension 5 defect where the form fails to be closed. String 



5 By half of an integral cohomology class uj we mean consider the image of u in the cohomology map 
induced by multiplication of the coefficient ring by 2 and then divide the answer by two. If there is Zik 
torsion, then division by 2 is not well defined and so one needs a prescription for which quotient to take. It was 
conjectured in that the correct prescription is to force the answer to agree with the 4th Stieffel- Whitney 
class. 

6 If the soliton spectrum contains the M5-brane then it automatically contains the M2-brane. For example, 
an M2-brane is created when two M5-branes cross via the Hanany-Witten mechanism [TJ], the M5-branes 
can usually be moved off to infinity. Alternately, an M2-brane may be constructed as a limit of M5-branes 
that wrap a trivial 3-cycle supporting C flux as integrated on a coordinate patch that contains the entire 
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theory on backgrounds in which such a defect is linked by either a 4-sphere or RP 4 have 
been studied extensively and in particular their soliton spectra are known. We will now 
recover the 5-brane spectrum as the spectrum of E 8 defects. 

We will classify these defects by the restriction of their E$ bundles to the 4-manifolds 
that link them. If this link is an S 4 then the bundle can be trivialized on the northern 
and southern hemispheres and the transition function on the 3-sphere equator must be an 
element n e tt 3 (E 8 ) = Z. Likewise the bundle can be trivialized on the only hemisphere of 
an RP 4 and the transition maps its equatorial RP 3 to Eg. These maps can be constructed 
by considering maps from S 3 to E$, which are classified by tt^Es) = Z, and then filtering 
them through RP 3 . Only the maps corresponding to even integers can be filtered through 
RP 3 and so the maps from RP 3 to Eg are classified by even elements 2n G 2^3(^3) = 2Z. 
Integrating first Pontrjagin classes over these two spaces one finds 

c t _ f Pi (e 8) + / a(TM) = 2» + o = B (Ma) 



s 4 2tt Js 4 2 7s 4 4 2 4 

Gl f M E s )r p 1 (TM) = 4^ + 2 ( ^ b) 



/rp 4 2ir Jrp 4 2 Jrp 4 4 2 4 

By Gauss' Law these integrals are equal to the total M5-brane charge linked by the 4-cycle 
over which the integral is performed. Thus the first configuration describes n M5-branes, 
while the second describes an OM5 plane which carries n+ 1/2 units of M5-brane charge. 
Recalling J3| that OM5 planes always carry half integer charge we see that the spectrum of 
M5-brane charges is correctly reproduced by E 8 gauge theory. 



2.3 Analogy: The 'tHooft-Polyakov Monopole 

To gain some intuition for the construction of the four-form and for the role of the 

M5-brane defect we will, as suggested by Ref. [THj, make a brief digression to consider a 
simpler system which shares many common features. Consider an SU(2) gauge theory in at 
least 3 dimensions with a scalar $ a that transforms in the adjoint of SU(2) and is subject to 
the potential 

V($) = (1 - $ a $ a ) 2 . (2.6) 

The group SU(2), like E&, is a simple Lie group and so 7^(377(2)) = Z. Therefore the gauge 
bundle admits a codimension 5 defect constructed as the M5-brane is constructed above. 
However, because a configuration of $ is a map from spacetime to SU(2), the presence of 
an adjoint Higgs field in this model allows a defect of codimension 3. If we impose a finite 

trivial cycle. Such M5-branes are dielectric M2-branes .FJJ and as the three-cycle shrinks to zero size become 
ordinary M2-branes. 
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energy condition on 3- dimensional slices of spacetime then on each of these slices $ is a map 
from S 3 times an irrelevant space to SU(2)= S 3 . Such a map is classified up to homotopy 
by an element n G 7r 3 (SU(2)) = Z. n is the 'tHooft-Polyakov magnetic monopole charge of 
the 3-dimensional slice. 

The fieldstrength F of a U(l) gauge theory can be constructed from the fieldstrength G a 
of the original SU(2) and the scalar Higgs via 

F = Tr($G) + G-indep. (2.7) 

In the U(l) gauge theoretic description the 'tHooft-Polyakov monopole appears to be a Dirac 
monopole in the following sense: 

lF=l (2.8) 

for any 2-sphere that links the monopole once. However at microscopic distances from the 
core this abelian effective description breaks down and the physics (like asymptotic freedom) 
cannot be understood without knowledge of the full nonabelian model. 

This construction^] could be repeated with an E 8 gauge theory that has a scalar Higgs 
transforming in the adjoint of the E 8 . In this case the configuration of the Higgs field in 
a 3-plane transverse to the monopole, after a 1-point compactification of this 3-plane, will 
again be an element n e ^ 3 {E 8 ) = Z where n is the monopole charge. 

2.4 Can an Abelian Four-form Describe a Nonabelian Theory? 

The existence of the adjoint scalar was crucial to the construction of the 'tHooft-Polyakov 
monopole above. Such a scalar does not exist in the Eg gauge theoretic model of M-theory, 
and so there is neither a 'tHooft-Polyakov monopole nor an abelian two-form fieldstrength 
constructed as in (j2.7|) . 

In trying to construct an E 8 scalar from the E$ fieldstrength analogously to (|2.7j) . we 
observe that although there is no adjoint scalar with which to contract its E 8 indices, there 
is the E 8 fieldstrength itself. More precisely, we can construct an abelian four-form G 4 from 
the E 8 fieldstrength via 

G 4 = -Ur(FAF) (2.9) 

87T 

so that F also plays the role played by the Higgs field in the case of the monopole. As in 
the case of the 'tHooft-Polyakov monopole, this description breaks down in the core of a 
topological defect, where the nontriviality of n 3 (E 8 ) and thus the true nonabelian nature of 
the original high-energy theory become impossible to ignore. 

7 Although in the E% case not all of the nonabelian DOFs can be encoded in the abelian fieldstrength. 
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This breakdown of the abelian description near an M5-brane may have at least one 
consequence that has been observed in the literature. In the M5-brane gravitational anomaly 
cancellation arguments of J7j there is a Dirac delta function in the modified Bianchi identity 
for G4 which is very difficult to interpret when cubed in the 11-dimensional Chern-Simons 
action. The attempt to interpret it in [18J has led to the introduction of an auxilliary 
bumpform, which may be explained by the behavior of fermion zeromodes near the core 
of the M5 [F3\. The interpretation in [20] again requires a "bumpform", the Chern kernel, 
whose exterior derivative is the distribution necessary to modify the SUGRA Bianchi identity 
while maintaining consistent couplings with M2-branes in the core of an M5. However this 
argument relies on the existence of M2-branes as microscopic excitations of the theory. In 
the E$ gauge theory description the necessity of adding bumpforms is a symptom of using 
an abelian 4-form to describe a nonabelian theory in a region where the abelian description 
breaks down. It may be interesting to compare the Chern kernel or the value of the bump 
calculated using the methods described in [Tj5| with the result one would get starting in the 
nonabelian Eg gauge theory and trying to "approximate" it by an abelian theory. 



3 The Construction 



3.1 Constructing the Supergravity Fields 

Before relating the SUGRA and gauge theory fields, we will take a moment to review 10 and 
11-dimensional SUGRA and to establish our conventions. The 11-dimensional supermultiplet 
consists of an elfbein e, a gravitino $ and a 3-form gauge potential C. The transformations 
of these fields under 11-dimensional supersymmetry transformations are as follows ^T] 

Se A m = ^r m *A (3.1a) 
SC ABC = — — T]T [AB ^ C ] (3.1b) 

o 

6* A = DaV + ^ (Ta BCDE - 86iT CDE ) vGbcde (3.1c) 



288 V 

where rj is the 32-component Majorana spinor that parameterizes the variation. 

The 10- dimensional vector supermultiplets ^Uj , which propagate on the boundary M 10 , 
consist of the E 8 gauge field A (with field strength F C d = dcA D — d£)A c + [A c , Ad]) and spin 
1/2 Majorana- Weyl fermions (gluinos) x m the adjoint representation, obeying Tux = X- 
Their supersymmetry transformation laws are 

5A\ = UtaX 1 (3.2a) 
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W = -\? AB F\bV (3.2b) 

with spacetime indices A, B = 0, 9 in an orthonormal frame, and E 8 gauge group indices 
i = 1,...,248, and where rj is the 16-component Majorana-Weyl spinor that parameterizes 
the transformation. 

With these conventions established we may finally construct the gravitino from the gauge 
fields. It follows from the construction (Jl.lj) for the 4-form G 4 that for some E 8 gauge choice 
or equivalently a gauge choice for C-y. 

Cabc = ^(A\ A d B A^ + i\p k A\ A A B A k c] ). (3.3) 

Consider this relation restricted to a 10- dimensional boundary. Although there is no bulk 
super symmetry, the boundary theory is that of Ref. jTUj and so enjoys 10-dimensional N = 1 
super symmetry. Performing a rigid N = 1 SUSY transformation on both sides we arrive at 
an expression for the gravitino 

r [A B*c] = -^r [A F BC]X \ (3.4) 

where we have dropped pure gauge terms of the form dB(A A r}Tcx)- Contracting with 
Y ABC gives 

* = tS ' j^ ABf ^ (3 - 5 > 

On the other hand, contracting with T AB , and using ()3.5|) . we get the fomula for \P as 

= • [aT AB F\ B T c + bT B F BC ] X \ (3.6) 

where a = ^) and 6 = ^E§. 

This is a disturbing result, as a 10-dimensional supersymmetry transformation on the 
right hand side does not yield ()3.1c|) . First, it misses the derivative of rj. This is not 
a problem as we have only used rigid supersymmetry transformations and so this term 
vanishes. However the variation of \1/ produces an unwanted term, proportional to the 
kinetic term F A bF AB , that cannot so easily be dismissed. The origin of the term is as 
follows. The expression for C A bc is a wedge product of forms, but when we take the SUSY 
transformation on A the one form changes to a zero form, x- The SUSY variation of this x 
yields an F 2 term that has two new dummy indices. Due to the structure of the spinor spinor 
indices, these necessarily right-multiply the gamma matrices and so are not antisymmetrized 
with the indices of the other gamma matrix. Thus 5^/ contains a term with two F's that 
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are contracted, in stark contrast with the lid SUSY transformation which yields a totally 
antisymmetrized four-form. 

This may suggest that ()3.3|) is not in fact SUSY covariant. One might think this could 
be remedied by the addition of a closed form to the right hand side, however were such an 
addition required it would break the abelian gauge invariance of lid SUGRA. Instead one 
is therefore led to the conclusion that the original constraint, (jl.lj) . is not SUSY covariant, 
even on a lOd boundary. Thus it appears as though another term would need to be added 
to the constraint to impose SUSY covariance. The constraint on any such term is that it 
play the same role as the constraint in cancelling Eq. (2.9) of Ref. pQ. Such an additional 
term, if we impose that it be ^/-independent, appears not to exist. 

One possible pessimistic conclusion is that the constraint is simply not at all SUSY 
covariant and so cannot be used to glean information about the gravitino via SUSY trans- 
formations. However the problematic terms involve the graviton, whose role in this story and 
in particular whose relation to the gauge theory is as yet entirely mysterious. Therefore one 
may interpret this apparent failure of covariance as a puzzle whose resolution places a very 
strong, if not lethal, constraint on the role that the graviton must play. Another possibility 
is that the covariance has been destroyed by our truncations, and that were we to consider 
the curvature corrections and the higher order Fermi terms the covariance would be restored. 
Below we will see that indeed the inclusion of curvature terms dramatically alters the form 
of this construction. 

We are finally ready to extend our results to 11 dimensions. We choose the gauge fields 
in the bulk so that these same relations hold. However the 11-dimensional Lorentz group 
has no Majorana-Weyl representation, and so Lorentz invariance forces us to reinterpret the 
fermions in this construction as Majorana fermions. More generally there may be additional 
terms which vanish when the Weyl condition is imposed, to determine such terms one must 
impose SUGRA covariance. To recover the above construction on the boundary, we impose 
the boundary conditions 

a u = o, r llX = X (3.7) 

where the 11 direction is taken to be perpendicular to the boundary. 
3.2 SUSY Transformations 

So far we have a configuration of SUGRA fields (C, \l/) for every configuration of gauge fields 
(A, x)- However our constructions (|3.3|) and (|3.6|) are not covariant under lid SUSY transfor- 
mations because the LHS transforms while the RHS is not in any lid SUSY representation. 
To attain covariance we will identify the entire gauge and SUSY orbit (C, \&') ~ (C, \1/) with 
each gauge orbit of (A,x)- We will now use the 11-dimensional SUSY transformations of 
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the SUGRA fields to find constructions for all (C, related to the unprimed fields by a 
single SUSY transformation with a small Majorana spinor parameter rj. 
For the three-form we obtain 



l - (A\ A d B A c] + ib ijk A\ A A j B A k c] ) = C ABC = C' ABC - 5 V C ABC 



24tt 



/ v / 2_ 
= C ABC + —r]T [AB ^ c] 

= C' ABC -^rjT [A F BC]X * (3.8) 



and similarly for the gravitino 
V2 



Y^^I aF BC]X 1 = F[AB^C] = ^[AB^'c] - ^[AB^C] 

288 



F[ab^'c] - ^[abDqtj - t^Iabc V g defg 



/2 1 

= T [A b^ c] - T [A bD c] V - • ^1aEE G vFdeF fg (3.9) 
where we have defined 

DEFG -p r DEFG orDr r EFG (Qir\\ 

lABC =i -ABC>- °"[C AB]'- ■ {6.10) 

Assembling these results the solution for (C, is then 

C'abc = ^(4^4] + i\f jk A\ A A B A c ) + ^fjr^F^ (3.11a) 



riAB*' c] = -^[aF bc]X 1 + r [AB D c]V + || • ^Eg g vF 1 de f fg . (s.iib) 

One can check that restricted to a 10-dimensional slice with 7] Majorana-Weyl this trans- 
formation has the same effect on the right hand sides of the equations as a lOd SUSY 
transform on A and x, and so reduces correctly to the Horava-Witten case. 

By construction, the lid supersymmetry algebra is still satisfied in this proposal. For 
example, applying the above transformations twice on the 3-form C one finds 



C'abc ~ C' ABC + S V >C ABC — C' ABC + 5 v /Cabc + ^'^Cabc 

= ^ (4*0*4, + *lf lJkA UA B A c] ) + ^(v + v')r[AF BC]X l 

-y^rjr [A BD c] v' ~ ^ • ^Vl^G G v'Fh E F FG (3.12) 
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and the second variation of C is 



1152 8tt 



The commutator of two such variations is 



1 



[8^,8^0 ABC = -^nT D i G ABCD 



(3.13) 



(3.14) 



reproducing the Poincare supersymmetry algebra in flat space [TT], up to pure gauge terms 
of the form d^A-BC], with A BC = CbcdV^ D V ' ■ 

3.3 Curvature Corrections 

We now describe the full construction, including the term Tr(R A R)/2 in G 4 although not 
including higher order fermion corrections. We begin with the variation of the Riemann 
tensor with respect to the metric using the Palatini formula 



8R A bcd = V c (8f A BD ) - V D (5f A BC ). 
The variation of the Christoffel symbols with respect to the metric is 

St A bc = \g AE [dc{8g B E) + d B {8g OE ) - d E (5g BC )}. 
Using the supersymmetry variation of the metric, one obtains 



(3.15) 



(3.16) 



5R A 



1 

bcd — -g 



AE 



Vc[d D (vT {B y E) ) + d B (f}T {D y E} ) - d E (fjTp* D) )] - [C <-> D]\ (3.17) 
Finally we contract with another R to find the desired 



8Tr{R A R) = V c [d D {fjT {B ^A)) + d B (rjT {D ^ A )) - d A (fjT {B V D) )] - [C7 <- £>] 



R 



ABCD, 



'(3.18) 



where it is understood that the indices of T are symmetrized with those of The full 
construction of FT^ is then simply the old construction plus an inverse exterior derivative 
of the right hand side of (|3.18|) . 

8 A useful property here is the Majorana flip in If dimensions P*T] 

(Ar Ji r /2 ...rS) = (-i) n (fjT h r l2 ...v In \). 



3 We denote the Christoffel symbols by T to avoid confusion with the Gamma matrices. 
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More explicitly, the M-theory 3-form is 



C 3 = c.SS 9au9e) + C.SS 9rav - ] (3.19) 

where 



1 



2~ : 



C.SS 9 ^ = —e ABC [t D AE d B t F CD + -t F AD t D BG t G CF \ . (3.20) 
The curvature-corrected construction of the gravitino is then 

-^ n T [AB ^ c] = -^-T A F BcX l + dC.S.^ (3.21) 

o 4o7T 

where the variation of the C.SS 9rav ^ is 



6C S { 9 rav.) = J_ . ^BC^DH [dE{ - T{A y H)) + Q^^^ _ d H (f}T (A ^ E) )]d B f CD 

+Y D AE d B [g EH [d c {f]V {D ^ H) ) + d D (fjT io ^H)) ~ d H (fjT {c ^ D) )} 
+lg FH [d A (vT {D y H) ) + d D (f}T {A t> H) ) - d H (f}T {A y D) )}T g G f CF 

+ \t F AD g DH [d B {r ] T {G ^H)) + d G (f}r {B * H) ) - d H (fjT {B * G) )]f G F 

+ \v F AD Y D BG g GH [d c {r 1 T (F ^H)) + d F (fjT {c ^ H) ) - d H (fjT {c ^ F) )]\ .(3.22) 

This is a first order linear differential equation for the construction of the gravitino 
Notice that even on a 10-dimensional boundary, when curvature terms are not omitted, the 
10-dimensional SUSY variation of (jl.lj) yields only a differential equation for the restriction 
of \I/ to the boundary because derivatives of \l/ appear in the SUSY variation of the curvature. 

The above analysis could have equivalently been done using vielbeins and spin connec- 
tions. Given an expression of the metric in terms of the gauge fields, an explicit one for the 
Christoffel symbols and the Riemann tensor could be constructed. This will be left to future 
work. 



4 Conclusion 

The M-Theory partition function was originally proved to be well defined |2[ using a mysteri- 
ous Eg bundle which restricts from 12 dimensions to the 11-dimensional bulk. We have tried 
to understand how the existence of such a bundle can be compatible with 11-dimensional 
super symmetry. We have considered a class of gauge theories that is not in fact supersym- 
metric, but rather SUSY appears as a low energy accidental symmetry. At slightly higher 
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energy scales one would therefore observe SUSY to be slightly broken. It may be interesting 
to compare this pattern of supersymmetry breaking with phenomenology. 

A natural goal is to explain how, via integrating out loops, the lid SUGRA fields become 
the correct low energy DOFs of some E$ gauge theory and in particular to reproduce the 
lid SUSY action as a low energy effective action. It was implicit throughout this paper that 
the lid SUGRA action was produced correctly and in particular that the SUGRA fields 
enjoy an lid SUSY invariance. Of course, figuring out what this gauge theory is will be the 
ultimate goal, and its hoped that the fact that it reduces in the IR to lid SUGRA will be 
a crucial constraint, hopefully not so powerful of a constraint that the gauge theory cannot 
exist. Such a gauge theory is likely to require a UV completion and so will be at best only 
a low energy approximation to M-theory. 

An analogous construction may exist for the elfbein or the graviton, that is the graviton 
may itself be a condensate of fields in the gauge theory. This possibility is currently under 
investigation. Another tantalizing venue of future investigation is to investigate the link 
between this E 8 and that of the lid £ 8{8) SUGRA of Nicolai and de Wit [El El- 
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